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Abstract. We consider classes AmIS) of functions holomorphic in an open 
plane sector 5 and belonging to a strongly non-quasianalytic class on the 
closure of S. In Am{S), we construct functions which are flat at the vertex of 
S with a sharp rate of vanishing. This allows us to obtain a Borel-Ritt type 
theorem for Am{S) extending previous results by Schmets and Valdivia. We 
also derive a division property for ideals of flat ultradifferentiable functions, in 
the spirit of a classical C°° result of Tougeron. 
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Introduction 

Let S be an unbounded, open, plane sector with vertex at the origin. For a given 
sequence M = (Mj)j>o of positive real numbers, we consider the ultraholomorphic 
class of functions associated with M in S, that is the class Am{S) of functions which 
are holomorphic in S and whose derivatives at any order j are uniformly bounded 
by Ca^jlMj, where C and a are positive constants (depending on the function). Of 
course, working with such classes requires some growth and regularity assumptions 
on M . In the present paper, we always use a standard set of assumptions, described 
in subsection ll.il which ensures that a Whitney extension theorem holds for the 
corresponding ultradifferentiable class Cm(K"), that is the class of C°° functions 
in R" whose partial derivatives at any order j are bounded by Ca^ jlMj. We shall 
indeed use Whitney extensions, as well as Whitney's spectral theorem, in these 
classes. 

At the origin, any function in AniS) admits an asymptotic formal power series 
X^jeN'^jfr ■'^ith the estimate |Aj| < Ca^jlMj on the coefhcients. The class is 
said to be non-quasianalytic if it contains a non-zero function which is flat at the 
vertex, in other words such that \j = for any j. The study of quasianalyticity for 
Am{S) has a long history, but we shall only refer, for our purpose, to the classical 
characterization by Korenblum ^21; relating M and the aperture of S", as recalled 
in subsection 12. 21 

The present paper contains three main results. The first one, theorem 12.3. II is 
the key to the two others. Under the aforementioned set of assumptions on M, it 
provides a construction of flat functions belonging to Am {S) and admitting certain 
sharp estimates from above and below. In a first step, devoted to the particular 
case of a half-plane, the result is obtained by means of a suitable outer function, see 
subsection 12. II We thank Jacques Chaumat for having suggested this approach. In 
a second step, the general problem is reduced to the case of a half-plane by checking 
that the outer function of proposition 12. 1 .51 behaves well under ramification. Prior 
to this, a certain amount of work has to be completed in order to analyze the 
relationship between M and the aperture of sectors S for which the construction is 
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possible. We manage this by means of a growth index 7(Af ) defined and studied 
in subsection 1 1.31 

The second main result, theorem 13.2.11 deals with Borel-Ritt type theorems in 
the ultraholomorphic setting. Being given a formal power series ■^jJT with 

the bounds |Aj| < Ca^jlMj, the problem consists in finding an element of Am{S) 
asymptotic to that series. Of course, the size of the sectors S in which such an 
extension is possible has to be related as precisely as possible to M. Well-known 
(THIini for the Gevrey regularity 0^+", that is for Mj = jl" with a > 0, the 
solution was, up to now, far from being complete in a more general setting. A 
noticeable step in this direction was made by Schmets and Valdivia in T5 , but the 
results of jEj are subject to certain Hmitations discussed in subsection 13.11 They 
exclude, for instance, the case of classes which are, roughly speaking, smaller than 
the Gevrey class G^- By quite different methods, we obtain in the present work a 
ultraholomorphic Borel-Ritt theorem which, unlike the previous ones, is valid for 
any sequence M satisfying the aforementioned assumptions. The aperture of sectors 
in which the extension property holds is also sharp. The proof uses an interpolation 
scheme originating in classical complex analysis of several variables (see |3j in the 
C°° case and in a special Gevrey case). The construction of theorem 12 .3.1 1 nlavs 
here a crucial role and, as in |15| . the result comes with linear continuous operators. 

The last main result, theorem l4.2.4l deals with the factorization of flat ultradif- 
ferentiable function germs by flat factors. It is known that any function germ 
u in R" which is flat at the origin, or more generally on a germ of closed subset 
X, can be factored as u — uiU2, where both ui and U2 are C'°° and flat on X. In 
other words, a given flat germ can always be divided by a well chosen flat germ, 
and the quotient is still flat. This is a particular case of a more general result 
of Tougeron ^H] recalled in subsection 14.11 Here, we address this question in the 
ultradifferentiable setting and we obtain the corresponding result provided X is a 
germ of real-analytic submanifold. 

Notation. For any multi-index J — (ji, . . . ,jn) hi N", we always denote by the 
corresponding lower case letter j the length ji -|- • • • -|- jn of J. We put D"^ = 

1. Prerequisites and basic tools 

1.1. Some conditions on sequences. A sequence M — (Mj)j>o of real numbers 
is said to be strongly regular if it satisfies the following conditions, where A denotes 
a positive constant: 

(1) Mq — 1 and M is non-decreasing, 

(2) M is logarithmically convex, 

(3) Mj+k < A^+''MjMk for any (j, k) e N^ 

(4) y < A^ for any £ e N. 

For any strongly regular sequence M, we define its sequence of quotients m = 
{mj)j>o by 

(5) TO, = Mill for any j £ N. 
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Condition (0) amounts to saying that m is non-decreasing. Together with it 
imphes 

(6) hm rrij = oo. 
With it also imphes 

(7) MjMk < Mj+fe for any {j, k) e 
as well as 

(8) M^^ < ruj for any j G N*. 

Thus, condition Q appears as some sort of converse to we refer to it as 
the moderate growth condition. It implies also a converse to indeed, using 
successively Q and one has {mj)'^ < rrij . . .m2j-i = M2j/Mj < A^^ Mj for 
any integer j > 1, hence 

(9) m,j < A^uf' for any j G N*. 

Finally, (0J is known as the strong non-quasianalyticity condition; its function- 
theoretical meaning will be recalled in subsection 11.21 With M is also associated 
the function Hm defined on R-|_ by 

hM{t) = inf t^Mj for i > and /im(0) = 0. 

j>a 

The function hm is continuous, non-decreasing, with values in [0, 1]. More precisely, 
by virtue of (jTJ, © and ©, it is easy to see that /iM(t) = t^Mj for j G 

with J > 1, and hmit) = 1 for t > In particular, Hm fully determines M since 
we then have 

t>o 

Let s be a real number, with s > 1. Obviously, one has (/iM(i))'* < hM{t). An easy 
but important consequence of the moderate growth condition Q is the existence 
of a constant p(s) > 1, depending only on s and M, such that 

(10) hM{t) < {hM{p{s)t))' for any < G IR+. 

Example. A most classical example of strongly regular sequence is given by the 
Gevrey sequences Mj = j!" with a > 0. In this case, one has exp(— 2Q;t"^/") < 
hAiit) < exp(-f i-i/"). 

1.2. Some Carleman classes of functions. Let M be a strongly regular se- 
quence and let Q be an open subset of R". For any real tr > 0, any complex- valued 
function / belonging to C°^'{Q) and any point x of fl, put 

Pa{f,x) = sup . 

Lemma 1.2.1. Let fi and /2 be C°° functions on Q,, let ai and (T2 be positive real 
numbers. Then for any point x inO., we /laue po-i +0-2 (/1/2, 2^) < Po-i (/i, a:)pCT2 (/2, a^)- 

Proof. For any multi- index L, we have {fif2){x)\ < p^^ {fi,x)pa2 (/2, x)Sl with 

J+K=L 

by the Leibniz formula. Using the elementary estimate j\k\ < {j + ky. and property 
(0), we get immediately Sl < (cti + a2Y&M£. The lemma follows. □ 



4 



VINCENT THILLIEZ 



Now consider the space CmjO-I^^) of those functions / for which pa-{f,x) is uni- 
formly bounded with respect to x in Q, in other words, for which there exists a 
constant C/ such that 

(11) \D''fix)\ < Cfa^jlMj for any J e N" and any x £ fl. 

This is a Banach space for the norm defined as the smallest constant C/ such 

that (|ll|l holds. We define the Carleman class Cm{^) as the increasing union of all 
Banach spaces CM,a{^) for ct > 0, endowed with its natural (LB)-space topology. 

Remark 1.2.2. In view of (|ll|l . the sequence M conveys the defect of analyticity 
of the elements of Cm{^)- Depending on authors, Mj often rather denotes what 
appears in l|ll(l as jlMj. For practical reasons we prefer to separate the analytic 
part. Anyways, writing Aij — jlMj, it can be checked that the strong regularity 
of M is equivalent to the classical set of conditions (M1)-(M2)-(M3) for Ai, as it 
appears in ^ or ^J, for instance. 

Example. Taking Mj = j!" with a > 0, we obtain Gevrey classes t/^+"(r2). 

Now denote by A(N") the space of families A = (A,/)jgN" of complex numbers 
and consider the Borel map B : C°°(R") — > A(N"), given by {Bf)j = D'^f{0) for 
any / of C°°(R") and any multi-index J. Define Am,c7(N") as the space of those 
elements A of A(N") for which there exists a constant Cx such that 

(12) |Aj| < Cxcr^f-Mj for any multi-index J e N". 
The Borel map restricts obviously as follows: 

(13) B : Cm,.(M") — > Am,.(N"). 

In the same way as for functions, we define the norm |A|o- as the smallest possible Cx 
in p2|) . Then Aj\/^ct(N") becomes a Banach space and the map (|13f) is continuous, 
with norm 1. We also consider the (LB)-space Am(N") obtained as the inductive 
limit of these spaces. Thus, we have naturally 

(14) B : CAf(M") ^ Am(N"). 

This map is surjective, as shown in particular by the following proposition, which 
summarizes results of several authors 00 IE] QHI > not in full generality, but rather 
in a form adapted to our needs. 

Proposition 1.2.3. Let M be a strongly regular sequence. 

(i) One can find a constant h>l, depending only on M and n, such that, for any 
real cr > 0, there exists a linear continuous operator 

E„ : Am,.(N") ^CM,b.(M") 

satisfying BE„\ = A for any element A o/ AM,cr(N"). The extensions E^-X can be 
assumed to have compact support, contained in a prescribed neighborhood of 0. 

(ii) For any bounded open subset VL ofM" with Lipschitz boundary, one can find a 
constant c > 1, depending on M and 17, such that, for any real a > 0, there exists 
a linear continuous operator 

Fa ■ CM,cr{^) >CAf^ccr(K") 

satisfying Fa-f \n — f for any element f of Cm^^i^) ■ 

Proof. The proposition can be derived from sufficiently precise Cm versions of the 
Whitney extension theorem, see for instance ;6;, theorem 11 and remark 12. Part 
(i) corresponds to K = {0} and part (ii) corresponds to K = since the Lipschitz 
smoothness of dil allows us to identify functions in Cm{^) and Whitney jets of 
class Cm on fl. □ 
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Since the strong regularity of M implies in particular the well-known Denjoy- 
Carleman condition of non-quasianalyticity 

we know that Ca/,o-(IR.") contains non-zero functions / which are flat at the origin, 
which means that Bf = 0. Such a function / satisfies, for any multi-index K e N" 
and any x € M", 

(16) iD^'fix)] < \\f\\K^,^{2AafklAhhM(2Aa\x\). 

Indeed, f can be majorized by applying the Taylor formula at any order j, 
together with JSJ and the elementary estimate {j + k)l < 2^^'^j!fc!. It suffices then 
to take the infimum with respect to j to get (|15|l . We see in particular that any flat 
function / in CM,cr{^^) satisfies \f{x)\ < |j/||R>i,cr/i-M(2Acr|a;|). Using the optimal 
cut-off functions of Bruna 3 , it is not very difficult to construct such an / for which 
this estimate is sharp, in the sense that \f{x)\ > A' hM{A'\x\) for some A' > 0. We 
shall not describe this construction, nor the corresponding upper bounds on the 
successive derivatives of 1//, since they are too crude for the practical purposes 
of sections O and 2| From section |2 we shall, in appropriate circumstances, get 
additional holomorphy properties, hence a much better handling of 1//. 

1.3. On growth properties of strongly regular sequences. We study here 
a property of strongly regular sequences which can be viewed as a relationship 
between the growth and regularity of such a sequence, and that of suitable Gevrey 
sequences. 

Definition 1.3.1. Let M be a strongly regular sequence, m its sequence of quo- 
tients, and let 7 be a positive real number. We say that M satisfies property (P-y) 
if there exist a sequence m' = (rn'j)j>o and a constant a > 1 such that (j + 1) 'm'j 
increases and a~^mj < m'^ < amj for any j € N. 

Notice that property (P-^) implies easily the estimate 

(17) a{jP < Mj for any j eN 

with fli = m^/a, since Mj — toq • • - mj-i. The introduction of (P^) is justified by 
lemma [l.3.2l below. The most important part of the lemma is a rewriting of a result 
of Petzsche (^21) corollary 1.3), for which we remind the reader about notational 
differences: what is denoted by Mj (resp. rrij, m'j) in the present paper corresponds 
to Mj (resp. rrij^^, ""-j+i) C3- 

Lemma 1.3.2. Let M be a strongly regular sequence. 

(i) There always exists a real 7 > such that property (P-,) holds, 

(ii) There exist constants 5 > Q and 02 > such that 

(18) Mj < aij\' for any j € N. 

Proof. Part (i) is the aforementioned result of ^21 • Part (ii) is obtained easily from 
®: choose 6 > such that A'^e~^ < 1. Then a trivial induction using ^ and the 
elementary estimate {j^V^^ ^ yields Alj < Mfj^^. Finally we get H18(l by 
Stirling's formula. □ 

Remark 1.3.3. In terms of Gevrey classes, (|17|) and (|18|) amount to the inclusions 

g^+^in) c Cm mcg'+^ in). 

As a first application of lemma 11.3.21 we gain some information on the powers 
of M. 
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Lemma 1.3.4. Let M be a strongly regular sequence. Then, for any real s > 0, 
the sequence M" = {Mj)j>Q is also strongly regular and it satisfies 



(19) hM'{t') = {hM{t)y for anyte 



Proof. The only fact which is not obvious is that M" satisfies the strong non- 
quasianalyticity condition Q). Using part (i) of lemma [1.3.21 we have 



4^ a + 1)M' - 4^ (7 + l)(m',Y 4^ V 



Is S 



(j + 1)M;+i- ^(j + l)(m;.)^ m;. J {j + iy+^'' 



with R( = 'l2j>e{j+^) The result then follows from the elementary estimate 

< (1 + (57)^^) + l)^'*'''- Notice that the case s > 1 could have been treated 
without lemma [T. 3. 21 writing /M^_^^ = {mj)^"'^ Alj/Mj^i, it is enough to use 
0) and the fact that (m^)^"'* is non-increasing in this case. □ 

We introduce now a growth index which will play a crucial role throughout the 
paper. 

Definition 1.3.5. Let M be a strongly regular sequence. We define its growth 
index 7 (A/) by 

j{M) = sup {7 e M ; (P^) holds}. 

By lemma IT. 3 .21 this definition makes sense and we always have < 7(M) < 00. 
It is also easy to see that 

(20) liM") = sj{M) for any real s > 0. 

Example. In the case of a Gevrey sequence Mj = j!" with a > 0, one has obviously 
7(Af) = a. The result is the same for = j\"'{Logj)'^^ with f3 e R (either 
positive or negative). The case a = 1, (3 = —1 corresponds to the so-called "l"*" 
level" occuring in formal solutions of certain linear difference equations, see |5] 
(thus, 7(M) = 1 in this case). 

As shown by the preceding example, property (P-y) is easy to test in concrete 
situations. However, the following lemma sheds more light on the significance of 
■y{M). It will be used several times in the next sections. 

Lemma 1.3.6. Let M he a strongly regular sequence. Then for any real number 7 
with < 7 < 7(M), there exist a constant a > 1 and a strongly regular sequence 
M' such that (j!^'''Mj)j>o is strongly regular and a^^ Mj < Afj < Mj for any 

J e N. 

Proof. Choose a real S with j < S < j{M). By definition of 'y{M), property (P^) 
holds, hence one can find a constant a > 1 and a sequence m' — {m'j)jyQ such 
that {j + l)'~^m'j increases and a~^mj < m'j < anij for any j £ N. Clearly we 
can also assume TOq > 1. Put Mq = 1 and Mj = TOq • • ■fn'j-i for j > 1- By 
straightforward verifications, M' is strongly regular and it satisfies the estimate 
Mj < M'j < Mj for any j E N. Next we show that the sequence M" given by 
Mj = j\~''M'j is strongly regular. It is easy to see that it satisfies conditions and 
(|21). The moderate growth property Q for M" is a consequence of the moderate 
growth property of M' and of the elementary estimate j\k\ < {j + k)l < 2^+'^j!fc!. 
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Finally, for any integer ^ > 0, we have 



(j + \)M'' ^(j + iy-fm', ^ m', (? + l)i+'5-T 



with Re = X)j>f(i + 1) '''^^^ '''' ■ The strong non-quasianalyticity condition (0J for 
M" follows, since we have Re < {I + [5 ~ 7)~^)(^ + 1)^"*. □ 

2. Sectorial flatness 

In this section, we construct holomorphic functions in plane sectors with precise 
flatness properties at the vertex. For any real 7 > 0, put 

= e S ; I Argz| < 7|}, 

where E denotes the Riemann surface of the logarithm and Arg the principal deter- 
mination of the argument. We consider first the special case of the right half-plane 

5i = {z e C; 5Rz > 0}. 

2.1. A construction of outer functions. We begin by stating two auxiliary 
technical lemmas. The second one is a familiar logarithmic integral condition: this 
will be, in fact, the starting point of our construction. 

Lemma 2.1.1. Let N be a strongly regular sequence with 7(iV) > 1. Then there 
exist real constants bi and &2, with bi > 0, such that, for any real u > 0, 



/ Loghj\[{su)ds > LoghN{biu) + b2 
Jq 



Proof. Let A''' be the sequence associated with A^ and with 7 = 1 by lemma IT. 3. 61 
so that {j\~^Nj)j>o is strongly regular and 

(21) a-^Nj < N'j < a^Nj for any j e N. 

Define now 

w(t) = supLog — fort>0, uj{0) = 0. 

j>o ^A^.y 

Since {j\~^Nj)j>o satisfies the strong non-quasianalyticity condition Q, a result of 
Komatsu (^J, proposition 4.4, equation 4.14) shows that one can find a constant 
63 > such that 

^^^dt < b3u;{y) + 63 for any y > 

(in fact, the strong regularity of (j!~^Aj')j>o implies that a; is a strong weight 
function in the sense of ^). Besides H22|l . it is clear by H21|l that one has 

-Log(/..(^))<.(t)<-Log(/..(l)). 

Putting t — 1/s and y = 1/u in H22() then yields easily the result. □ 

Lemma 2.1.2. Let N be a strongly regular sequence with "f{N) > 1. Then we have 

'■+°° L0g/jA.(|i|) 



1 + t^ 



-dt > —00. 
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Proof. Pick a real 7 with 1 < 7 < j{N). By definition of j{N), and by property H17|l 
for the sequence N, we have a{jP < Nj for any j G N. Multiplying this inequality 
by |tp and taking the infimum with respect to j, we derive exp(— 64|i|~^/'') < 
/iAr(|t|) for some suitable 64 > 0. The lemma follows, since I/7 < 1. □ 

We are now ready to work out the key construction. 

Lemma 2.1.3. Let N be a strongly regular sequence with ^{N) > 1. Then there 
exist a function F holomorphic in the right half-plane Si and constants 65 > 0, 
be > and 67 > 0, depending only on N , such that 

(23) bshNibe^w) < \F{w)\ < /iAr(67|w|) for any w G Si. 

Proof. We use the classical construction of outer functions in Rp spaces, see e.g. 
theorem 11.6, or ^j, chapter 8. For w e Si, we put 

/I f+°° , „ ,Jtw- 1 dt 
F{w) = exp - / LoghNm)-. T--2 

V"" J~oo it — W 1 + t^. 

Thanks to lemma 1^.1.21 and to the boundedness of Hn, it is known that is a 
bounded holomorphic function in 5*1. For w & Si, put now w = u + iv (thus, 
M > 0). Then we have 

(24) \F{w)\ = exp (- r^hoghM\t\)- ^— 

Remark that /|(„j,|<„ ^^_^"2^_„2 dt = ^. Since |i — < u implies |i| < 2\w\, we 
derive 

(25) / LoghNi\t\)- -^—^dt<-hoghNi2\w\). 

J\t-v\<u [t-vy + u^ 2 

Since hN{\t\) < 1 for any t, we also have 

(26) / Log/i^(|i|)- ^dt<0 

J\t-v\>u {t-vy + u^ 



By (131), and we obtain \F{w)\ < ^ft.jv(2|u;|). Using property 10 with 
M = iV, we get the upper bound in H23|l . with 67 = 2p(2). The proof of the lower 
bound goes as follows. Putting t = us in gives 

(27) \F{w)\ = exp - / LoghN{u\s\)- T^—^ds 

[us-vy + u-^ 

For \s\ > 1, one has Log /ijv(it|s|) > Log /i at (it), hence 



Nl>i 



f 

LoghN{u\s\) ds > hoghNiu) 

yus — v) +u J\s\>i 



\s\>i {us-vy+' 



,ds. 



Since Log/iAr(u) < and (us-v)^+u^ ds < tt, this implies 

(28) / Log/iiv(w|s|)7 r^— — jds > 7^Log/lJv(M)• 
J|s|>l yus — v) +u 

One has also (^iis-^)'^+u^ — ^ ^^'^ ^oghN{u\s\) < for any u, v and s. Invoking 
lemma 12. 1.11 wc get therefore 

/ Log/iAr(w|s|)— — " „ > ( Log/ijv(w|s|)ds 

(29) J\s\<i {us-vy+u^ 7|^l<i 

> 2(Log/iAr(6iu) + 62). 
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From (UHll and lEH), we derive easily \F{w)\ > b^ihNibsu))'^ with 65 = 

exp(262/7r) and = min(l,6i). By virtue of property 1)1 0|l for N, this yields 
the desired lower bound, with = bs/p{2). □ 

2.2. Background on ultraholomorphic functions. For any open subset fl of 
C", we use the standard identification between C" and M^" to consider the spaces 
Cm,<7{^) and Cm{^) as introduced in subsection 11.21 We put AM^ai^) — H(ri) fl 
Cm,<7{^), where 7i(ri) denotes the space of holomorphic functions in fi. Clearly, 
-4m,<t(^^) is a closed subspace of Cm {ft). In the same way, we put Am{^) = 

nCM(f^). 

Now consider the sectors S-y introduced at the beginning of the current section. 
For 7 < 2, one can use the preceding definition with = S-y since in this case is 
an open subset of C. It is then easy to see that any element / of Am (S-y) extends 
continuously, together with all its derivatives, to the closure of Sy. In particular, 
/ has a Taylor series at 0. For 7 > 2, in other words for sectors on the Riemann 
surface S, one can similarly define AM{S.y) as the space of holomorphic functions 
/ in Sy whose derivatives at any order j are uniformly bounded by Cfcr^jlMj for 
suitable constants C/ and a. The Taylor series still makes sense, since all the 
restrictions of / to subsectors of aperture smaller than 2tt have the same expansion 
at 0. In all cases, one has thus a Borel map (abusively still denoted by B) 

B : AM{Sy) ^ Am(N). 

/^(/(^■)(0)),eN 

As for Cm(R"), an element / of Am{S^) is said to be flat if Bf ~ 0, and the 
class AMiS-y) is said to be non-quasianalytic if it contains a non-zero function / 
which is flat at 0. A classical work of Korenblum provides a necessary and sufhcient 
condition for this property (^21, theorem 3 and remark 1). In our setting, thanks to 
(jHl, © and Stirling's formula, Korenblum's result can be stated as follows: Am{Sj) 
is non-quasianalytic if and only if 

(30) 7-T^TT:r- < 



J>1 



Just as the Denjoy-Carleman condition appears as a limit case of 1)30(1 (putting 
7 = 0), it turns out that the strong non-quasianalyticity condition Q appears as 
the limit case of another condition (|31() . stronger than H30|l. and related to the 
growth index 7 (A/) by means of the following lemma. 

Lemma 2.2.1. Let M be a strongly regular sequence and let j be a real number 
with < 7 < "f{M). Then there exists a constant 69 > such that 

Proof. Consider the sequence AI' associated with M and 7 by lemma IT. 3. 61 Since 
we have a~^m'^ < mj < am'j for some constant a > 1, it suffices to prove ((31(1 

with M replaced by Af. Put A/j' = jl-'^M'^ and Afj" = (A^j')^- Since Af" is 
strongly regular, lemma IT . 3 . 41 shows that M'" is also strongly regular. Writing the 
strong non-quasianalyticity property l@J for the sequence M'" , we obtain precisely 
the desired estimate. □ 



Remark 2.2.2. If we replace 7 by a natural integer r in ((31(1 . we recover the so-called 
property (7r+i) of Schmets and Valdivia (15j . 
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2.3. A result on sectorially flat functions. Lemma [2.2.11 shows in particular 
that AM{S-y) is non-quasianalytic provided 7 < "f{M) (this is no longer true for 
7 > as the Gevrey case shows). The construction of lemma 12 . 1 . 31 allows us 

to state a much more precise result, since we can now obtain flat functions with 
sharp estimates, as announced above. 

Theorem 2.3.1. Let AI be a strongly regular sequence and let j be a real number, 
with < 7 < "f{M). There exists a function G belonging to Am{S^) such that, for 
any z ^ S^, we have the estimate 

(32) ki/im(k2|z|) < \G{z)\ < hM{K3\z\) 

where ki, K2 and K3 are positive constants depending only on M and 7. 

Proof. Pick two real numbers S and s with 7 < 5 < j{M) and sS < 1 < s^{M). 
Consider the sequence N — . We know from lemma 11.3.41 that N is strongly 
regular, and by (|2()|l we have ^{N) — sj{M) > 1. It is thus possible to apply lemma 
12.1.31 Consider the function F provided by the lemma and put 

G{z) = Fiz") for z e Ss. 

This makes sense since z 1 — > w = z" maps holomorphically Ss into the subsector 
SsS of Si. We shall show that the restriction of G to the subsector S^ of Ss 
has all the desired properties. We claim first that the estimates (p?^ hold for z 
in Ss (hence in Sj). The lower estimate is obtained from H23|l by the following 
arguments: for w e SsS, one has > bio\w\, with 610 — cos{sS^) > 0. For 
z £ Ss, one has thus hNibe^z'^) > hN{{bii\z\y) with bu — (fee&io)^^'*- One has 
also ft,jv((6ii|z|)*) = {hM{bii\z\))^ , as observed in ifT^ . For s < 1, we derive 
immediately h^ib^'^z'^) > hM{bii\z\). For s > 1, we use (fTI))) to obtain the same 
estimate, where the value of 611 is divided by p{s). In any case, we get the desired 
lower bound in (j22J, with ki — 65 and K2 — bu. The proof of the upper estimate 
goes along the same lines and we skip the details. Finally, we have to show that G 
belongs to AmiS-y). Choose a real e with < e < min(l,(5 — 7)^. Then for any 
z £ Sj, the closed disc of center z and radius (sin£)|z| hes in Ss. Since has 
been shown to hold on Ss, the Cauchy formula yields easily 

(33) \G^'\z)\ < . ^'1 |., feM(^3(l+sin£)|2|) for any j e N. 

((sine)|z|j-' 

Since hM{t) < t-'Mj for any j, we derive |G'^'(z)| < b\2j^-Mj for any j, with 
i>i2 = ^3(1 + (sine)^^). This completes the proof. □ 

The following supplement to theorem 12.3.11 will be useful in section |31 

Lemma 2.3.2. The function G of theorem \2.S.l\ satisfies, for and any 

(34) \G^^Hz)\<byiM,hM{bu\z\) 



(35) 



{^y'\z)\<b,,bP,,jiM,{hM{bi7\z\)) ' 



with positive constants 613 to bn depending only on M and 7. 

Proof. Going back to (|33|) . and using (|10|l with s = 2, we obtain easily H34|) with 
614 = p{2)k3{1 + sine) and 613 — &i4(sine)"-'^. The proof of (|35|l follows the same 
pattern: using the lower bound of G in Ss and the Cauchy formula on the same 
disc as before, we get 



0) 



{{sin e)\z\y 



{hM{bi8\z\)) 
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with bis = ^2(1 — sine). Using once more (|10|) . we remark that 

(, f, I nN-i hM{bi8\z\) hMjbisM) {bis\z\yMj 



{hM{bis\z\)y hMibi7\z\) hM{bi7\z\) 

with 617 = bis/p(2). Hence we obtain the result with 615 = and 6ig = 

6i8(sine)~^. □ 

Remark 2.3.3. Theorem 12 .3. II is much easier for Gevrey classes. Indeed, for Mg = 
£\" with a > 0, it is possible to check directly that G{z) = exp(— z^^/") has all 
the required properties. The key fact is that, in this Gevrey setting, huit) is 
comparable (up to scahng constants) to exp(— i^^/"), which appears directly as the 
restriction of G to K+. There is no such explicit estimate for general sequences M, 
and the preceding work amounts to constructing a function which plays a similar 
role for the corresponding Hm- 

3. Sectorial extensions 

3.1. Background on Borel-Ritt type theorems. The well-known Borel-Ritt 
theorem states that for any element A of A(N) and any sector with < 7 < 2, one 
can find a holomorphic function on having X^jgN '^ifl asymptotic expansion 
at 0. It implies the Borel theorem in its most classical form, that is the surjectivity of 
the map B : C°°(R) — > A(N). Since the Borel theorem admits ultradifferentiable 
versions, it is natural to ask whether the Borel-Ritt theorem has ultraholomorphic 
analogues. In our context, the problem can be stated as follows: 

Problem. Find conditions, relating the strongly regular sequence M and the real 
number 7, which ensure the surjectivity of B : AMiS-y) — > Aj\/(N). 

In the typical Gevrey case, the answer to this question is well-known as a basic 
tool in the asymptotic theory of differential equations: see e.g. jjl] or ^Uj and the 
references therein. Precisely, when Mj = jl", the map B : Am{Sj) — > Am(N) is 
surjective if and only if 7 < a, that is 7 < j{M). The classical proof is based on 
explicit constructions which are specific to Gevrey classes, as those mentioned in 
remark f2. 3. 31 For more general sequences M , despite the quite particular results of 
[2] , very few things were known until the recent article (15| of Schmets and Valdivia. 
Theorem 5.8 of ^H] is more particularly related to our problem; we recall it briefly 
for the reader's convenience. Being given an integer r > 0, denote by Vr+i the 
space of C°° functions / on the real line, supported in [—1, 1], for which one can 
find constants ci and C2 such that, for any j e N, one has sup^^gg \f'''-^^^^^\x)\ < 
cid^jlMj and (0) = for fc = 1, . . . , r. Then a sufhcicnt condition for 

the Borel map B : AAiiS-y) — > Aa/ (N) to be surjective for any real number 7 with 
< 7 < r, is that the map R : Vr+i — > Aa./(N) defined by Rf = (/(('■+^^^H0))i6N 
be itself surjective. Moreover, the extensions are given by linear continous operators 
between Banach spaces AA/,cr(N) and AM,da-iS-y) for some suitable constant d > 
1, depending only on Al and 7. As pointed out in the preceding sufficient 
condition implies in particular (|31|l with 7 = r. It is thus generally false for r > 
7(M). Conversely, using lemmas [1.3.61 imi and proDOsition ll.2.3l it can be shown 
that the condition holds provided r < 7(Af), hence it allows extensions in AniSy) 
in the following situations: 

- when j{M) is an integer and 7 < jiM) — 1, 

- when 7(M) is not a integer and 7 < [7(Af )] (the brackets denote the integer part). 
This result is not optimal. In particular, the case of all sequences M with 7(Af) < 1 
is not covered. In fact, for such sequences, it is not possible to deduce from [T5| 
whether the map B : Aai{Sj) — > Aa/(N) is surjective for some 7 > or not. 
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However, there are some indications. For Gevrey sequences, we have recahed the 
characterization of surjectivity 7 < j{AI), and one can even find Unear continuous 
extension operators as mentioned above: this is theorem 5.10 of jl5| . which is 
based on a refinement of the classical methods of Laplace transforms. Thus, the 
Gevrey case suggests that for any strongly regular sequence M, one should have 
corresponding extension operators as soon as 7 < 7(M) (and, of course, generally 
not for any larger 7). This expectation will be satisfied in what follows. 

3.2. The main theorem. Our approach is based on the following fact: for Gevrey 
sequences, a statement quite similar to theorem 5.10 of P2| had been obtained 
previously in with a completely different scheme of proof and with an extra 
assumption, namely 7 < 2. Here, the flat functions of theorem 12. 3. II will allow us 
to extend the method of to general strongly regular sequences M. We shall 
also overcome the additional limitation on 7. 

Theorem 3.2.1. Let M be a strongly regular sequence and let j be a real number 
with < 7 < 7(Af). One can then find a constant d > 1, depending only on M and 
7, such that, for any real a > 0, there exists a linear continuous operator 

satisfying BT-^ nX ~ A for any element A 0/ Am.(t(N). 
Proof. We distinguish two cases in the proof. 

first case: 7 < 2 

In this subsector of the complex plane C instead of the Riemann surface 

E. Putting z = X + for z G C, we identify C and in the standard way and we 
denote by d the Cauchy- Riemann operator ^ +*^) • Let D and D' be two open 
discs centered at 0, with D C D' . For a given cr > 0, let x be a function belonging 
to Cm,ct(C), supported in D' and identically equal to 1 in D (for instance, a cut-off 
function of Bruna type mSlEI)- The proof can now be cut into several steps, 
(i) Construction of ultradifferentiable extensions inC with formal holomorphy atO. 
With any given element A of Aa/^ct (N) , we associate A*' — {X'j^)(^j^k)eN^ obtained by 
the natural complexification 



(36) 1^ ^y^W-Z.^^^ 

which amounts to putting A^^^, = i^Xj+k- Remark that the map A 1 — > A'' acts 
as a linear continuous operator Am.(t(N) — > Aj\/_o-(N^), with norm 1. Then we 
put g\ — E„X^, where is the extension map AAf,o-(N^) — > CM,bcr{'C) given by 
proposition 11.2.1^ and chosen in such a way that the extensions are supported in 
D. By H36|l . it is clear that dg\ is flat at 0. Therefore, proceeding as for 1)16(1 . we 
get, for any K ^ N'^ and any 2; e C, 

(37) \D''{dgx){z)\ <C3i^iia)\XUc^a)''klMkhM{cia\z\), 

where i'i(cr) denotes the operator norm of E^, AA^Mi and C4 = AA^b. 
(ii) Division of a flat ultradifferentiable function by a fiat ultraholomorphic function. 
For any real r > and any z € Sj, put now ipriz) = G{tz), where G is the function 
of theorem 12.3. l| and lemma 12.3.21 Using 1)35(1 . ((37(1 and lemma [1.2.11 we get, for 
any bi-index L G and any point z of S'-y, the estimate 

D^(^dg,){z) <6i5C3^i(a)|AU ( ^^^T^) (b,,T + c,a)H\M,. 
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Now we put 

(38) T = p(2)c45^7^(T and -0 = tpr- 

Thanks to H1U|I . the preceding estimate then yields 

< iy2{(T)\XUcroaY£\MihM{c5a\z\) 

for some suitable positive constants f2((T) and C5. 

(iii) Solution of a d -problem. From H39|l . we see in particular that -^dgx belongs 
to CM,c5a-iS'y) and that its norm in this space is majorized by i'2(ct)|A|o-. We apply 
part (ii) of proposition ^^31 with Q = S-y Ci D' . Put v\ = Fci^„(^^dg\) . Then vx 
belongs to CM.cc^a-iC) and we have ||'yA||cc5cr < t'3(o')|A|o- where 1^3(17) is the product 
of i'2{<j) and of the operator norm of Fc^^. Since vx coincides with ^Bgx on Sj n D' 
and ^dgx vanishes on Sj\D, we have actually 

(40) xvx^T^gx inaUof 5^. 

Moreover, lemma IT. 2 . 1 1 shows that x^a belongs to Cm,c6(t(C) with cg = CC5 + 1, and 
that llx'f^Allccecr £ J^4(o')|A|ct for some suitable 1/4(17). Consider now the convolution 
ux — IC * (x^^a), where K. denotes the Cauchy kernel JC{() = {tt()^^. Since x^^a is 
compactly supported in D, the function ux solves dux — X'^x i^i C. Moreover, for 
any L g it is routine to check that sup^g^ \D^ux{z)\ < Trsup^g^, {xvx){C)\, 
hence 

(41) sup\D^uxiz)\ <n,^iia)\\\^icGaYiWIe. 

zee 

(iv) Addition of a flat correction to obtain a holomorphic extension. Using (|34|l . 
()38|l . (|41|l and lemma IT. 2. II we derive that ipux belongs to Ci\f,CTa{S-y) with C7 = 
p{2)c4,bi3b^^ + ce, and that wc have \\^ux\\s-,.c7cr < Trv4{a)\X\cr^ Put fx_= gx -Jpux- 
Then fx is well-defined and holomorphic in since dfx = dgx — ipdux = dgx — 
i'X'^x = in 5^, thanks to (|40|) . A quick look at the previous constructions also 
shows that the functions gx^ vx, ux, and subsequently /a, all depend linearly on A. 
Our estimates on gx and ipux show moreover that the map A 1 — > fx is continuous 
from Aa/ ,j(N) to AM,csi7{S'y) where cg = max(6, C7) depends only on 7 and on the 
sequence M . Finally, since 0, and consequently ipux, are flat at the origin, we have 
/^^)(0) = {d^fx/dx^){0) = {d^gx/dx^)iO) = Xj for any integer j > 0. Thus, it 
suffices to put T-f^a-X = fx and d — cs to get the desired conclusion in this case. 

second case: 7 > 2 

We use the naive idea of reducing this case to the first one by means of a suitable 
ramification. The less obvious part consists in showing that the required estimates 
are preserved by this process. Pick an integer q such that j/q < 2 (hence q > 2). 
We shall use the estimate 

(42) < (M<,j)i/« < AHIj for any j e N, 

which is immediate by Q and 10. Now, with any sequence A in Aj\/^cr(N), we 
associate the sequence A* given by 
{qj)\ 

X*j — Xj — — and A*^^^, = for any j G N and any fc^l,...,^— 1. 

By H42(l . it is easy to see that A* belongs to A^fi/g o-i/? (N) and that its norm 
in this space is majorized by |A|ct. Recall also that we have j/q < 'j{M)/q = 
7(Mi/9) by (EOl). We can therefore extend A* by applying the first case of the 
proof with M replaced by Af^/* and 7 replaced by 7/g. We obtain thus a function 



(39) 



D''{^dgx]iz 
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h\ in y^jiji/,^gg.i/<! ('S'-y/g) depending linearly and continuously on A G Aj\/^cr(N) and 
verifying 

(43) Bhx = X*. 

Of course, the constant cg depends only on M and 7. For z e Sj, we put now 
fx{z) = h\{z^/'^). Obviously, the function f\ is holomorphic in S-y and bounded 
by the supremum norm of h\. In order to estimate its derivatives, we shall follow 
the general pattern of ^^j. Consider the differential operator Y — q^^w^^'*-^ on 
C\ {0}, so that 

(44) (^') = {Y'hy){w) for any w G S^/q and any integer i >1. 

Proceeding by induction on £ as in the proof of proposition 2.5 of |17j (but in a 
much simpler situation), we obtain 



k=l 



Qk 

Qyjk 



with 
(45) 



k-j-q 



for any integers j, fc, £ with I < k < £ and j > 0. Now we introduce the polynomial 
(46) VxAw) 



j=o ■' • 



From (|43|l and from the definition of A* , we see that 



p=0 



The Taylor formula for h\ between and any point w in S^/g yields therefore 



Qk 



[hx-Vx,i){w) 



< sup I 

(e]Q,wl 



e-k 



(01 



{q£-ky. 



{q£)\ 



Mi) 



l/<?L,,|9^-fc 



{q£~ky. 

where J^5(cr) denotes the operator norm of the map A 1 — > h\ from Am,c7(N) to 
-^Afi/<!,c9(Ti/9 (S'-y/g). Using lH^ and the elementary estimate {q£y. < 2'^^{q£~ k)\k\, 



we derive 



Qk 



dw 



<,^5{<j)\MAcio'jYklMe\w\'^'-\ 



with cio = {2cg)'^A. Together with UHl) and the obvious fact {£ - ky.kl < £\, this 
yields finally 

(47) \{Y\hx-Vxj){w)\ < z.5('T)|AU(cna)^£!M, for any w G 

with cii = 8cio/q. Now recall from (|46|l that 'P\,i{w) can be written as Q{w'') 
where Q is a polynomial of degree at most ^ — 1, hence 

(48) {Y'Vxi){w)^Q'^^\w'')^0. 

Gathering (|17|l and we see that f\ belongs to AM^aiS-j) with d = cn, 

and that it depends linearly and continuously on A. At last, we know from H43|l that 
the Taylor series of h\ at is 'Ylij^n^j^^^ which means that the expansion of f\ 
is given by X^jgn ^j TT- Therefore we have Bf\ = A and the proof is complete. □ 
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3.3. Comments on the strong regularity assumption. The problem of secto- 
rial extensions could be put under weaker assumptions on Af , say |^ and But 
as in the C°° case, it is easy to see that the desired surjectivity property implies also 
the surjectivity of B : Cm(^) — > Am(N). Therefore, Petzsche's results TT show 
that assumption Q is necessary. The additional moderate growth assumption Q 

■ 2 

seems more related to technical reasons. Consider, for example, Mj = e-' . In this 
case, for which Q and ^ hold, but not Q, it is easy to check that theorem 
5.6 of jl5| applies: for any real 7 > 0, there exists a continuous extension map Tj 
from the (LB)-space Am(N) to the (LB)-space Am{S^). The arbitrary aperture 
agrees with the fact that (P^) holds here for any 7. 

In this particular example, disregarding continuity properties, one can also obtain 
an extension procedure working simultaneously for every 7. Indeed, being given a 
sequence A in Am(N), section 2 of provides a function holomorphic in a whole 
"punctured disc" D = {z G S; |z| < 6} on the Riemann surface S, and whose 
restriction to every bounded sector O D belongs to Am{S^ D) and satisfies 
Bf = A. We do not know whether a similar statement holds for more general 
sequences M satisfying Q, (O and but not Q. 

3.4. The case of BeurUng classes. Instead of a Carleman class .4m (5*7), it is 
also possible to consider a Bcurhng class, that is the Frechet space A~^;{S-y) obtained 
as the projective limit of spaces AM.<j{S-y)- In the same way, one defines a Frechet 
space A^(N) as the projective limit of spaces Am,o-(N) and we have an induced Borel 
map B : A~^j{S^) — > A^^(N). Theorem 13 . 2 . II then has the following corollary. 

Corollary 3.4.1. For any strongly regular sequence M and any real number j with 
< 7 < 7(A/), the Borel map B : Aj,j{S-y) — > A^j(N) is surjective. 

Proof. The result is an easy consequence of theorem 13.2.11 and of the following 
argument, inspired by 0: for any element A of A^^(N), one can find a strongly 
regular sequence N, with 7 < 7(iV), such that the sequence A belongs to Ajv(N) 
and the Carleman class ANiS-y) is contained in the Beurling class A]^{S-y). The 
construction of iV is a slight variation on lemma 16 and proposition 17 of we 
will not describe the details here. □ 

It should be emphasized that Schmets and Valdivia have also considered in ^S] 
the case of Beurling classes, quite in the same spirit as for Carleman classes. A nice 
feature of theorem 4.5 of 15 is that it provides linear continuous extension maps. 

4. Division by flat functions 

4.1. Setting of the problem. Denote by C°°(]R", 0) the ring of C°° function germs 
at the origin of M". For any open neighborhood O of the origin, denote by ttq 
the canonical mapping which, to each element of C°°{^1), associates its germ in 
C°°(E",0). Let I be an ideal of C°°(M",0). An ideal In of C~(fl) is called a 
representative of X if it satisfies Trn(Tn) = 2^, and we say that X is closed if, for any 
sufficiently small ft, it has a closed representative in the Frechet space C°°{n). 

Now let X be a germ of closed subset at the origin of M". With the usual 
confusion between germs and their representatives, an element of C°°(K", 0) is said 
to be flat on X if it vanishes, together with all its derivatives, on X. We denote 
by rn^ the ideal of all such germs. A classical result of Tougeron proposition 
V.2.3), when stated from a local viewpoint, asserts that for any closed ideal T of 
C°^(R", 0), the ideal of elements of T which are flat on X is generated over X by 
m^, which can be written 

(49) X n mx = m3^X. 
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In particular, one has to^ — m^rrf^. It should be emphasized that these 
properties are delicate even when X = {0}. Interesting in themselves, they also 
have a number of applications in differential analysis. This motivates their study 
in the setting of ultradifferentiable classes. 

4.2. The ultradifTerentiable case. Let M be a strongly regular sequence. We 
consider the ring Ca/ (K", 0) of all those germs / of C°°(R", 0) which have a repre- 
sentative in Ca/ (fi/) for some open neighborhood fi/ of 0. Just as in the C°° case, 
being given an open neighborhood of and an ideal Xm of Ca/(M",0), we say 
that an ideal Tm.vi of Cm{^) is a representative of Xa/ if it satisfies 7rsi(lAf.n) = 1m, 
and we say that Xm is closed if, for any sufficiently small fJ, it has a closed repre- 
sentative in the (LB)-space Cm{^)- Finally, we denote by m'x m the ideal of germs 
of Cm{^^^, 0) which are fiat on the germ of closed subset X. 

Lemma 4.2.1. Let M be a strongly regular sequence and let V he a vector subspace 
o/M". Then, for any real t > 0, there exists a real non-negative function Vr which 
belongs to has no zero in M" \ V and satisfies, for any multi-index J 

and any point x in R" \ V , 

(50) |7^'^(-^)(x)| <di(d2r)^j!M,(/iAf(d3Tdist(x,y)))"' 
with positive constants di, d2, d^ depending only on M and X . 

Proof. Using the natural identification of M" as a totally real subset of C", we 
define, for any real e > 0, the set I4 = g C" ; |SCI < edist(C,l^)}. Note that 
Ve contains R" \ V. After a suitable linear change of coordinates, we can assume 
V = WnR" with = {C e C" ; Ci = • • • = Cfc = 0} and fc = codim V. For C € C", 
put ^ = 5RC. Then 

(51) dist(C,V)2=ef + •••+e,2 + |3CP• 
Consider Q(C) = C? + • • • + Cfc- For I < j < k, one has < |Cj| < dist(C, V) 
by (|5T|l . Assuming now that ( belongs to V^, one has also \Q — < £dist(C, V) 
and we obtain \Q{C) - QiOl < 2ke dist{(,V)^ . Using again, one gets Q{S,) > 
(1 - £2) dist(C, V)^. All this yields 

(52) 3fig(C) > (l-£2-2fce)dist(C,V)^ 

Now let 7 be a real number with < 7 < j{M). Pick S with < 6 < min(l, 27) 
and choose e > small enough to have 1 — — 2ke > cos(^^). Denote by ^ the 
natural determination of the square root in C\] — cxd,0]. Since cos(^^) > and 
dist((, y)^ > l^p > |Q(C)|, the estimate (IK^ shows that the function <I> given by 
^(C) = y/ QiC) is well-defined and holomorphic in and that it satisfies $(T4) C 
Ss/2, hence 

(53) $(K) C S^. 

One has also clearly, for some suitable constant c?4 > 1, 

(54) ^4 1 dist(C, V) < |$(C)| < di dist(C, V) for any C e 14- 

For ( G Ve, we consider H(() ~ G{t^{C)), where G denotes the function of theorem 
12.3.11 We shall see that the function Vr defined by 

(55) Vr{x) = H{x) foi X eW'\V, Vr{x) ^ for x e V 

has all the required properties. For any x in R" \ V, consider the closed polydisc 
Pa; = {C e C" ; \Q — Xj\ < 2^ dist(a;, V) for j = 1, . . . , n}. Then is contained 

in 14. One can assume e < 1, so that idist(x, F) < dist(C,V^) < 2dist(x,F) 
for any ( E P^. Since H is holomorphic in V^, it restricts to a C°° function in 
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M" \ V and its derivatives at the point x can be estimated by the Cauchy formula 
on Px- The scheme of proof is then essentially the same as in lemma 12. 3. 21 taking 
into account the upper bounds in (p?^ and (|5^ . we get the estimate \D-^H{x)\ < 
dgj! dist{x, V)~^ Hm {deT dist{x,V)^ for any multi-index J, with d^ — and 
dg = 2K3d4. Using ifTUI) . we derive 

(56) \D-^H(x)\ < {drry j\MjhM{dBT Aist{x, V)) for any J e N", 

with dy = d^dQp{2)£~^ and dg = dQp[2). In particular, we see that all the derivatives 
D"^ H{x) tend to as a; approaches V in K" \ T^. By Hestenes lemma, the function 
Vr defined in is therefore C°° in R", and by it belongs to 221^^(1^") 
as announced. The derivation of (|50|l goes along the same lines: using the lower 
bounds in and lfM|l , the Cauchy formula on yields the desired estimate lj55|l 
by virtue of □ 

We can now state the key result of this section. 

Proposition 4.2.2. Let X be a germ of real-analytic submanifold at the origin in 
M". Then for any strongly regular sequence M and any finite family ui, . . . ,Up of 
germs belonging to m ' ^'^^ '^'^^ Z^*^^ dement v of whose germ of zero 

set is precisely X and such that Ui belongs to vrrv^ j^j for i = 1, . . . ,p. 

Proof. After a suitable real-analytic change of coordinates in a neighborhood of 
0, one can assume that X = il.nV, where is a vector subspace of R". The proof 
consists in showing, from lemma B.2.11 and from the flatness of the Ui, that it is 
possible to choose v as the germ of Vr for some suitable r. We shall not describe all 
the details, since the arguments essentially mimic step (ii) of the proof of theorem 
13.2.11 First, the flatness of the Ui yields, for any multi- index K e N", any x in fl 
and any i = 1, . . . ,p, 

(57) Wu^{x)\ < dgd'loklMkhM {diidistix,X)) 

for some suitable positive constants dg, dio, dn (the proof is the same as for (|16|l . 
except that the Taylor formula is used between x and a point x in X satisfying 
dist(a;,X) = |a; — x\). Without loss of generality, one can assume that and V 
intersect transversally, so that any point x of il verifies dist(a;, X) < di2 dist(a;, V) 
for some positive constant di2 depending only on Q and V. Hence (|5U|I yields 

< d2 (dgr)^ j!M, {Hm (di3T dist(x, X))) 

for any multi- index J in N" and any a; in 17, with dia = d2,d^2 ■ Now it is enough 
to choose T > p(2)diid]~3^: putting v(x) = v^{x) for any x in fi, the desired result 
then follows from (QSIl, (EZj), igHI) and lemma [TTTl □ 

Remark 4.2.3. Contrarily to what happens in the C°° setting ([El, lemma V.2.4), 
it is easy to see that proposition 14. 2 . 21 is no longer true if iti, . . . , Up is replaced by 
a countable family (ui)i>i, even in the simplest case X ~ {0}. 

We obtain finally a result in the spirit of property l|49|) . 

Theorem 4.2.4. Let X be a germ of real-analytic submanifold at the origin in R". 
Then, for any strongly regular sequence M and any closed ideal Xm o/ Ca/(IR", 0), 
one has 

In particular, rrf^ = mIBlx m ■ 
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Proof. It suffices to copy the proof of in ^S] , using proposition 14.2.21 (only 
the case p = 1 is required) instead of lemma V.2.4 of ^Hjj and the Ci\f version of 
Whitney's spectral theorem due to Chaumat-Chollet instead of the usual C°° 
one. □ 

Problem. We do not know whether the previous results are true for more general 
classes of closed subsets X. In particular, does the identity rrfx m ~ ELx mI^x m 
still hold when X is a singular real-analytic variety ? 
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